Introduction
A material is said to be isotropic if its mechanical and elastic properties are the same in all directions. When this is not true, the material is said to be anisotropic. Anisotropic materials become the material of choice in a variety of engineering applications in the last century. Many materials are anisotropic and inhomogeneous due to the varying composition of their constituents. For instance, polycrystalline materials generally show an elastic anisotropy due to texture and the anisotropy of single crystallites. The polycrystalline and composite materials which show high anisotropy are used in many applications in industry. According to Hill (1963) ; the material with triclinic or greater symmetry can be either a polycrystalline material or a composite material or a single crystalline material. In polycrystalline materials, the relation between the elastic properties of single crystals and of `quasiisotropic' bodies made up of a large number of small single crystallites disposed at all possible orientations has been investigated by Reuss and Voigt. Voigt took the averages of stiffness tensor A table relating these various notations for the specific elastic constants is given in Table 2 .1. The symmetric matrices ĉ and ŝ can be shown to represent the components of a second-rank tensor in a six dimensional space. In this thesis, these matrices are used in the following chapters. Since the components of the matrix c appearing in equation (2.2) do not form a tensor (Mehrabadi and Cowin (1995) ). Table 2 .1, column 1 illustrates the Voigt notation of these quantities as fourth rank tensor components in a three dimensional Cartesian space. Column 2 represents the same Voigt matrix in double index notation. Column 3 illustrates the Kelvin-inspired notation for these quantities as second rank tensor components in a six dimensional Cartesian space.
The eigenvalues of the matrix ĉ ( ŝ ) are the six numbers λ ( λ Where I is the identity matrix and same size with matrices ĉ and .
s The vectors N represent the normalized eigenvectors of ĉ (or ŝ ). The normalized N are expressed in terms of the six dimensional strain and stress vectors by
Since ĉ (or ŝ ) is positive definite (Ting (1996) 
E c T=
is easily converted to a result based on the strain-stress relation, 
T s E=

Generalized Hill Inequalities
Hill (1963) notes that the average strain energy in any region can be calculated from the average stress and the average strain. So 
According to the familiar principle of minimum potential energy for an elastic continuum, the actual strain energy in the mixture does not exceed the energy of any unequilibrated state of distortion with the same surface displacements. When these are compatible with average strain , A E it can be taken as a comparison fictitious state which has an energy density
So by considering a representative volume under such surface constraints and by using equation (3.1), we get
Similarly, by considering loading under surface tractions compatible with average stress, and applying the dual principle of minimum potential energy, we get
By using the inequalities (3.3) and (3.4), generalized Hill inequalities can be formed. By using equation (3.9), we obtain the inequality
The result of inequalities (3.3) and (3.4) must hold for each eigenvalue, so from the theorem above, the following inequalities can be obtained
The inequalities (3.11) may be combined in the final result
The above inequalities are referred as the generalized Hill inequalities. These inequalities will be used later in section 5 and section 6 in order to construct the bounds for all anisotropic symmetry types which are isotropic, cubic, transversely isotropic, tetragonal, trigonal, orthotropic, monoclinic and triclinic.
Adaptation of Generalized Hill Inequalities to Various Symmetries
Generalized Hill inequalities can be adapted to any material which shows an anisotropic elastic symmetry. In order to derive the inequalities, eigenvalues of each symmetry type should be calculated. These eigenvalues are Voigt eigenvalues and Reuss 
For Cubic Media
In cubic symmetry, four three-fold axes arranged like the body diagonals of a cube. Cubic symmetry has three distinct eigenvalues. 
The elements ( 
For Isotropic Media
Especially textured and non-crystalline materials show isotropic symmetry. In isotropic symmetry, there are two distinct eigenvalues. The first eigenvalue is of multiplicity one and the other has multiplicity of five. For this symmetry type, equation 
The generalized Hill inequalities for isotropic symmetry are
For Tetragonal Media
Tetragonal media show tetragonal symmetry. This symmetry type has five distinct eigenvalues which are multiplicity of one, one, one, two and one. For this symmetry type, equation (2.4) 
For Transversely Isotropic Media
Most textured and non-crystalline materials exhibit transversely isotropic symmetry. Transversely isotropic medium is a special case of hexagonal symmetry. The elastic constant tensor of transversely isotropic symmetry has almost the same structure as that of hexagonal symmetry therefore the two symmetries can be considered together. Transversely isotropic symmetry has four distinct eigenvalues with multiplicity of one, one, two and two. 
For Orthorhombic Media
Orthorhombic media show an orthorhombic symmetry. When the same symmetry is applied to textured or non-crystalline materials, it is generally called orthotropy. However, for most practical purposes, orthotropic symmetry is equivalent to orthorhombic symmetry. There are six distinct eigenvalues with multiplicity one in orthorhombic symmetry. The elements ( 
The Voigt eigenvalues can be obtained from the above matrix. The elements ( 
Numerical Examples for Various Types of Anisotropic Elastic Symmetries
The elastic constants of randomly selected materials are given for each corresponding anisotropic symmetry type (taken from Landolt-Bö rnstein (1979)). These data are used to calculate the lower and upper bounds on effective eigenvalues for all types of materials. For all anisotropic symmetry types, the units of Voigt elastic constant data, eigenvalues are GPa = 
For Cubic Media
For Isotropic Media
For some materials, it is possible to make approaches from cubic symmetry to isotropic symmetry. With cubic symmetry, three independent elastic constants are needed. If the medium is elastically isotropic, the elastic properties are independent of direction and only two independent elastic constants are required. These constants are ` , characteristic of an isotropic medium. If the deviation from 1 is small, then we can say that the material is practically isotropic. Voigt and Reuss elastic constants of some nearly isotropic materials are given in Tables 5.5 and 5.6 respectively. (Fisher and Renken (1964) 
Results
The computed results in section 5 show that the materials selected randomly from same anisotropic elastic symmetry, depending upon the size of intervals between Reuss and Voigt bounds, can exhibit whether close to isotropy or anisotropy. In other words, for any anisotropic elastic symmetry, the larger interval between upper and lower bounds, states more anisotropy whereas smaller interval states more isotropic behavior. For some symmetry, the results are summarized as; For cubic symmetry: From tables 5.3 and 5.4, it is easy to see that Thallium manganase chloride is close to isotropy more than the other cubic materials. Since the intervals between Voigt and Reuss bounds on elastic constants of the material are very closer, the effective eigenvalues in terms of elastic constants are selected from a narrow range. On the other hand, Diamond exhibits the most anisotropy among the other cubic materials. For tetragonal symmetry: If tables 5.11 and 5.12 are examined, it is seen that Indium-cadmium alloy composed of % 3.42 Cadmium and % 96.58 Indium, is close to isotropy more than the others. As a result, the interval between bounds on Reuss and Voigt eigenvalues for the alloy is very small. Whereas Zircon shows the most anisotropy among the other materials.
For transversely isotropic symmetry:
According to calculated values in tables 5.15 and 5.16, Hafnium, Bone (dried phalanx) and Polystyrene are close to isotropy more than the other transversely isotropic materials. Because Voigt and Reuss bounds are very closer. On the other hand, Zinc and Cobalt show the most anisotropy. Since the eigenvalues of Voigt and Reuss for Zinc and Cobalt are considerably different, their mechanical and elastic behaviors are expected to be more anisotropic. As a result, the effective eigenvalues in terms of elastic constants of them are selected from a large range.
For orthorhombic symmetry:
In tables 5.23 and 5.24, it is obvious to see that Maple and Human tibia are close to isotropy than the others. Because Voigt and Reuss bounds are very close to each other. So effective eigenvalues of these materials can be selected from a narrow range. Olivinite exhibits the most anisotropy among the other materials because of the large intervals between the corresponding bounds.
For monoclinic symmetry:
The intervals between Reuss and Voigt bounds on effective eigenvalues (given in table 5.27) for Diphenyl are closer than Coesite. The intervals between the corresponding Reuss and Voigt eigenvalues for Coesite are larger than Diphenyl. As a result, it can be said that Diphenyl is close to isotropy more than Coesite. The computed results are consistent with those calculated in the work of Dinçkal and Akgöz (2010) .
Conclusions
In this paper, it has been shown that it is possible to construct bounds on the effective eigenvalues of any anisotropic elastic constants symmetry in terms of triclinic symmetry elastic by developing generalized Hill inequalities. Specific bounds have been presented for cubic, isotropic, transversely isotropic, tetragonal, trigonal, orthorhombic, monoclinic and triclinic symmetries. Constructing bounds on effective eigenvalues provides a deeper understanding about mechanical behavior of anisotropic materials. It also has significant effects on many applications in different fields such as: design of composite materials, examining the material symmetry types in detail, determination of materials which are highly anisotropic or close to isotropic, understanding the mechanical and elastic behaviour of natural composites such as bone and wood types. For instance wood as a composite and also an important structural engineering material has two types; hardwoods and softwoods, by computing eigenvalues and constructing bounds, it is seen that, softwoods are more anisotropic than hardwoods in other words, design of a wood-based product is critic due to this anisotropy.
